Let A be a ring with local units, E a set of local units for A, G an abelian group and α a partial action of G by ideals of A that contain local units and such that the partial skew group ring A ⋆ α G is associative. We show that A ⋆ α G is simple if and only if A is G-simple and the center of the corner eδ 0 (A ⋆ α G)eδ 0 is a field for all e ∈ E. We apply the result to characterize simplicity of partial skew group rings in two cases, namely for partial skew group rings arising from partial actions by clopen subsets of a compact set and partial actions on the set level.
and A are the only G-invariant ideals of A, then we say that A is G-simple. Lemma 2.2 Let E be a set of local units for A and α = ({D t } t∈G , {α t } t∈G ) a partial action of an abelian group G such that each ideal D t has local units. Suppose that R = A ⋆ α G is associative and A is G-simple. Then, for each non-zero r ∈ A ⋆ α G, and for each local unit e ∈ E, there exists r ′ ∈ R such that: a) r ′ ∈ RrR b) P 0 (r ′ ) = e c) #supp(r ′ ) ≤ #supp(r)
Proof:
Let r = g∈G a g δ g be a non-zero element in R. Let h ∈ G be such that a h = 0 and e h ∈ D h be a unit for a h . Notice that a h δ h · α −h (e h )δ −h = α h (α −h (a h )α −h (e h )) δ 0 = a h δ 0 = 0, and so we can assume, without loss of generality, that P 0 (r) = 0 (exchanging r for rα −h (e h )δ −h if necessary). Now, let J := {P 0 (s) : s ∈ RrR and supp(s) ⊆ supp(r)}. Notice that J is a non-empty set that contains a 0 = P 0 (r) (since r ∈ RrR) and so, since A is G-simple, we finish the proof if we show that J is a G-invariant ideal of A. For this, let a ∈ J ∩ D −h . Then aδ 0 + g b g δ g ∈ RrR for some b g ∈ D g and g ∈ supp(r) \ {0}. Let e be unit for a in D −h .
Then α h (e)δ h (aδ 0 + g b g δ g )eδ −h ∈ RrR and
For skew group rings simplicity is related to the center of the ring. Since we are dealing with rings with local units we have to look into corners: Definition 2.3 Let R = A ⋊ α G be an associative partial skew group ring and E a set of local units for A. For each e ∈ E, let C e be the center of eδ 0 Reδ 0 , that is, C e := {x ∈ eδ 0 Reδ 0 : xy = yx ∀y ∈ eδ 0 Reδ 0 }.
Lemma 2.4 Suppose we are under the same conditions of lemma 2.2 and let e ∈ E.
Then every non-zero ideal of R = A ⋆ α G has non-empty intersection with C e ∩ {eδ 0 + g∈G\{0} b g δ g }.
Proof: Let J be a non-zero ideal of R and choose r ∈ J \ {0} such that #supp(r) is minimal.
By lemma 2.2, we can find r ′′ ∈ RrR ⊆ J such that P 0 (r ′′ ) = e and #supp(r ′′ ) ≤ #supp(r).
Now, since P 0 (r ′′ ) = e, we have that
are subsets of {g · t : t ∈ supp(r ′ )} we have that #supp(r
hence, by linearity, r ′ ∈ C e . Theorem 2.5 Let E be a set of local units for A and α = ({D t } t∈G , {α t } t∈G ) a partial action of an abelian group G such that each ideal D t has local units. Suppose that R = A ⋆ α G is associative. Then the following are equivalent:
2.
A is G-simple and C e is a field for all e ∈ E.
Proof: First suppose that A ⋊ α G is simple. The proof that A is G−simple is essentially the same as the one done in [11] , one just has to notice that if J is a non-zero proper invariant
Next we show that C e is a field for all e ∈ E. So, let a ∈ C e and consider the ideal generated by a in A ⋊ α G. By the simplicity of A ⋊ α G, we have that a = A ⋊ α G. Thus eδ 0 ∈ a and so there exists r i e s j such that
and, since a ∈ C e , we have that
So a has an inverse and all we have left to do is show that a −1 ∈ C e . But notice that a −1 = eδ 0 i,j r i eδ 0 s j eδ 0 ∈ eδ 0 Reδ 0 and, since a ∈ C e , we have that for all y ∈ eδ 0 Reδ 0 it holds that ay = ya
We conclude that a −1 ∈ C e and hence C e is field.
Now suppose that A is G-simple and C e is a field for all e ∈ E. Let J be a nonzero ideal
there is a non-zero r ∈ J ∩ C e for every e ∈ E. Since C e is field this implies that eδ 0 = r −1 r ∈ J for all e ∈ E and, since Eδ 0 is a set of local units for R, we conclude that J = R.
An Application to set dynamics
In [2] it was shown that there is a one to one correspondence between partial actions in a set X and partial actions in F 0 (X), where F 0 (X) is the algebra of all functions from X to a field K with finite support (see [2] ). More precisely, if
Our goal in this section is to show the following theorem:
Theorem 3.1 Let G be an abelian group and θ = ({X t } t∈G , {h t } t∈G ) a partial action in a set X. Then F 0 (X) ⋆ G is simple if, and only if, θ is a minimal and free partial action.
Of course we will use theorem 2.5 to prove the above result. So we have to check that the hypotheses are verified. Notice that F 0 (X) ⋆ G is associative (see [2] ) and it is clear that F 0 (X), as well as the ideals F (X t ), have local units and so we can apply theorem 2.5. But theorem 2.5 also requires that we choose a set of local units for F 0 (X). So we let E := {χ A : A is a finite subset of X}, where χ A denotes the characteristic function of A, be a fixed set of local units for F 0 (X).
all f 0 ∈ F 0 (X) and, since α g is an isomorphism, this implies that α −g (ef g )ef 0 = α −g (f 0 ef g )e for all f 0 ∈ F 0 (X), which is equivalent to
for all f 0 ∈ F 0 (X) and x ∈ X −g . Now, z = 0 implies that ef g = 0 and so f g | A = 0. Furthermore, ef g δ g eδ 0 = α g (α −g (ef g )e)δ g = 0 and so α −g (ef g )e = 0. Therefore there exists
Let f 0 = χ {x} . Then the left side of equation 1 is nonzero and, since the action is free, the right side is zero, a contradiction.
is a free, minimal partial action of an abelian group in a set X then, for all e ∈ E, C e is a field. More precisely, if e = χ A ∈ E, then
Proof: Let f ∈ C e ⊆ F 0 (A) be a non-zero function. Then, for all g ∈ G and f g ∈ D g , we
all g ∈ G and f g ∈ D g and hence
Now suppose that supp(f ) A and let y ∈ supp(f ). Since θ is minimal there exists t ∈ G such that h −t (y) ∈ A \ supp(f ). So equation 2, with g = t and f g = δ y , becomes
) ∀x ∈ X t , and hence, for x = y, we have that f (y) = 0, a contradiction. We conclude that supp(f ) = A and so there exists f −1 such that
The proof that f −1 ∈ C e is analogous to what was done in the proof of theorem 2.5.
The following proposition proves the last part of theorem 3.1.
Proof: Suppose that θ is not free. Then there exists x ∈ X and g ∈ G, g = 0, such that x ∈ X −g and h g (x) = x. Consider the ideal I generated by χ
We will show that the sum of coefficients of elements in I is zero. For this, notice that α −g (χ x ) = χ x and so
Now, α g (χ x b t ) = 0 if, and only if, there exists y ∈ X such that χ x (h −g (y))b t (h −g (y)) = 0 and this is true if, and only if, b t (h −g (y)) = 0 and h −g (y) = x, that is,
We conclude that the sum of coefficients of elements in I is zero. But then χ x δ 0 / ∈ I and hence F 0 (X) ⋊ G is not simple.
We finalize this section with an example of a minimal, free partial action of the group of the integer numbers, denoted by Z, in the set of natural numbers, denoted by N.
by h(n) = n + 1. For all other t ∈ Z let X −t be the domain of h t and h t = h t . Then {(X t , h t )} is a free, minimal partial action and hence the associated partial skew group ring
An application to topological dynamics
We now turn our attention to the context of topological partial actions. In this setting the correspondence between partial actions in a locally compact Hausdorff space X and partial actions in the C*-algebra of continuous functions vanishing at infinity, C 0 (X), is well known (see [7] for example) and follows the same ideas we present in the previous section,
where
of the associated C*-partial crossed product is studied in [7] , where it is shown that if the action is topologically free and minimal then the associated partial crossed product is simple. Definition 4.1 A topological partial action θ = ({X t } t∈G , {h t } t∈G ) is topologically free if for all t = 0 the set F t = {x ∈ X −t : h t (x) = x} has empty interior.
Using theorem 2.5 we will show the following:
Theorem 4.2 Let θ = ({X t } t∈G , {h t } t∈G ) be a partial action of an abelian group in a compact space X such that each X t is a clopen set. Then the partial skew group ring C(X)⋆G is simple if, and only if, θ is topologically free and minimal.
Remark 4.3 Partial actions on the Cantor set by clopen subsets are exactly the ones for which the enveloping space is Hausdorff, see [6] The proof of the above theorem will follow the same ideas presented in the previous section. Actually the proofs just need to be adapted to the case in hand. We show the relevant details below, but before we proceed notice that we can apply theorem 2.5 to prove the result above, since by [5] the partial skew group ring is associative, and since the partial action acts on clopen sets, each D t has a unit. Furthermore the ring C(X) is unital and hence the set of local units required in theorem 2.5 may be taken as the unit in C(X), which we denote by 1.
if, and only if, C(X) is G-simple.
Proof: The proof of this can be found in [7] .
Lemma 4.5 Let θ be a topologically free partial action of an abelian group G. Then C 1 ⊂ C(X).
Proof: Suppose that x = t f t δ t ∈ C 1 and there exists g = 0 such that f g = 0. Notice that the first part of the proof of lemma 3.6 was done in general, so that in the case at hand equation
for all f 0 ∈ C(X) and x ∈ X −g . Now, since f g = 0, we have that α −g (f g ) = 0 and so there exists x ∈ X −g such that
Since θ is topologically free there exists y ∈ V ∩ X −g such that h g (y) = y. Then, by Urysohn´s lemma, there exists f 0 ∈ C(X) such that f (y) = 1 and f (h g (y)) = 0. But then, for this f 0 and y equation 3 leads to a contradiction.
is a topologically free, minimal partial action of an abelian group in a compact space X then C 1 is a field. More precisely,
is, C 1 is the algebra of constant functions.
Proof: Let f ∈ C 1 ⊆ C 0 (X) be a non-zero function. Notice that the first part of proposition 3.7 was done in general and so it is valid in the case at hand, for which equation 2 becomes (x) ) ∀g ∈ G, f g ∈ D g and x ∈ X g . Now for each g ∈ G let f g be the unit for D g , that is, f g = χ Xg . Then the above equation
implies that f (x) = f (h −g (x)) for all x ∈ X g and g ∈ G and, since θ is minimal and f is continuous, we obtain that f is constant as desired.
The following will finish the proof of theorem 4.2.
Proposition 4.7 If C(X) ⋊ G is simple then θ = ({X t } t∈G , {h t } t∈G ) is topologically free.
Proof: Suppose that θ is not topologically free. Then there exists g = 0 in G such that the interior of F g is not empty. Let x be an element in the interior of F g . By Urysohn´s lemma there exists a continuous function f such that f (x) = 1 and the support of f is contained in the interior of F g .
Notice that f = χ Fg · f and hence α g (f ) = f = α −g (f ). Now consider the ideal generated by f δ 0 −f δ g . Proceeding analogously to what was done in proposition 3.8, that is, expanding terms of the form a s δ s (f δ 0 − f δ g )b t δ t , we have that the sum of coefficients of elements in I is zero. But then f δ 0 / ∈ I and hence F 0 (X) ⋊ G is not simple.
